In this paper we re-examine the relationship between non-trading frequency and portfolio return autocorrelation. We show that in portfolios where security specific effects have not been completely diversified, portfolio autocorrelation will not increase monotonically with increasing non-trading, as indicated in Lo and MacKinlay (1990) . We show that at high levels of nontrading, portfolio autocorrelation will become a decreasing function of non-trading probability and may take negative values. We find that heterogeneity among the means, variances and betas of the component securities in a portfolio can act to increase the induced autocorrelation, particularly in portfolios containing fewer stocks. Security specific effects remain even when the number of securities in the portfolio is far in excess of that considered necessary to diversify security risk. 
Introduction
When securities respond nonsynchronously to market-wide news, portfolios comprised of those securities will display autocorrelation in returns. This characteristic of portfolio returns is important to recognize and understand because studies by Scholes and Williams (1977) , Dimson (1979) and Cohen et al (1983) showed that this autocorrelation can cause a downward bias in the measurement of market betas. These studies each proposed methods to mitigate the effects of nonsynchronous trading on the estimation of beta.
However, studies by Atchison et al (1985) , using the Scholes and Williams (1977) model, and Lo and MacKinlay (1990a) , using their generalization of that model, have suggested that only a relatively small proportion of observed autocorrelations can be accounted for by nonsynchronous trading. Atchison et al (1985) predicted a 4 percent daily first order autocorrelation coefficient due to nonsynchronous trading, against an observed level of around 30 percent. Lo and MacKinlay (1990a) reported a weekly first order autocorrelation of 46 percent for observed returns to a portfolio of small firms. However, their model suggested that the autocorrelation induced by the characteristics of observed nonsynchronous trading was less than 9 percent. A generalization of the Lo and MacKinlay (1990a) model by Boudoukh et al (1994) , however, increased the predicted first order weekly autocorrelation due to nonsynchronous trading to 18 percent. Kadlec and Patterson (1999) , using simulations based on observed trading times, found that over fifty percent of observed daily autocorrelations could be accounted for by thin trading, but around twenty five percent of observed weekly autocorrelation could be accounted for by thin trading. This places their result for weekly returns in between those of Lo and MacKinlay (1990) and Boudoukh et al (1994) results.
A common feature in the models that relate portfolio autocorrelation to nonsynchronous trading is that they use model properties that require the number of securities in a portfolio to have increased without limit.
1 While the number of stocks required for the diversification of idiosyncratic risk in a stock portfolio is well documented, 2 the relationship between the number of stocks in a portfolio and the portfolio autocorrelation generated by nonsynchronous trading has not been subject to the same level of scrutiny. 3 We show that security means and variances may continue to influence the portfolio return autocorrelation in a portfolio that might be considered well-diversified from the viewpoint of portfolio risk.
The objective of this study is to demonstrate how the portfolio autocorrelation properties of the leading model of nonsynchronous trading, Lo and MacKinlay (1990) , change in portfolios that, despite containing a large number of securities, continue to be influenced by security-specific variation. A key property of the Lo and MacKinlay (1990) model is that there is a positive and strictly convex relation between stock trading infrequency and portfolio autocorrelation in portfolios where the number of securities has increased without limit. We show that when portfolios are not sufficiently large for security specific effects to have been eliminated, the relationship between non-trading and portfolio return autocorrelation is no longer strictly convex and always positive. We find that at high levels of non-trading, portfolio return autocorrelation can become a decreasing function of the non-trading probability. Moreover, for portfolios containing a small number of securities, portfolio autocorrelation may take negative values. These potential reductions in the portfolio return autocorrelation predicted by the Lo and MacKinlay model (1990) are more pronounced in portfolios containing a small number of securities. These reductions may be offset if the securities are sufficiently heterogeneous in their return means, variances and covariances.
We estimate the frequency of non-trading for stocks listed on NYSE/AMEX and NASDAQ to show that it remains an important consideration for portfolio autocorrelation. We use these estimates to compute the effects of non-trading on portfolio autocorrelation where the portfolios are influenced by security specific parameters. To maintain consistency with the earlier work of Lo and MacKinlay (1990) , Boudoukh et al (1994) and Kadlec and Patterson (1999) , we use their market wide parameters together with a range of security specific parameters drawn from widely available historical estimates.
Our results have two important implications. First, empirical studies that adjust risk measures for thin trading by reference to portfolio autocorrelation coefficients, using models such as those of Scholes and Williams (1977) and Dimson (1979) , may have the potential to overcorrect the measures if the predicted autocorrelation is actually quite low. 4 Second, the observation of high and homogeneous levels of infrequent trading alongside high levels of portfolio return autocorrelation must mean that factors, other than nonsynchronous trading, are generating the observed autocorrelations.
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The remainder of the paper is structured as follows. The next section develops the properties of the Lo and MacKinlay (1990) model of nonsynchronous trading when portfolios continue to influenced by security specific parameters. Section 3 presents estimates of the frequency of non-trading among stocks listed on the NYSE/AMEX and NASDAQ, and presents contrasting estimates of portfolio return autocorrelation functions for portfolios with and without the influence of security specific parameters. This is undertaken both in the case where the securities are assumed to be homogeneous and in the case where heterogeneity among the securities is introduced. These estimates identify the relationships between portfolio return autocorrelation and the number of securities in a portfolio, the probability of non-trading and other, return-based, characteristics of the component securities. Section 4 summarizes and concludes.
Implied autocorrelations in portfolios with a finite number of securities
The first-order autocorrelation of the observed returns, , 1,2, … , , for a portfolio of 1,2, … , , securities is
where 4. Studies by Griffin and Oomen (2012) and Zhang (2012) show that estimated contemporaneous return covariances, and hence estimated betas, can be affected both by nonsynchronous trading and by the existence of i.i.d. microstructure noise associated with high-frequency sampling of realized returns. Both of these papers and an earlier unpublished study by Martens (2004) , which uses the Lo and MacKinlay framework, show that there is a trade-off between the downward bias in contemporaneous covariance induced by nonsynchronous trading and the increase in the variance (imprecision) of the covariance estimate arising from microstructure noise, such as bid-ask bounce. None of the methods to adjust covariance measures, Scholes and Williams (1977) , Dimson (1979) , Cohen et al (1983) and Hayashi and Yoshida (2005) , is free from this trade-off. Both Griffin and Oomen (2012) and Zhang (2012) develop optimal sampling frequencies to balance this trade-off, and show that the ranking of the proposed covariance adjustments depends on the scale of the microstructure noise. While both of these papers and our work assume a fixed time interval, a natural extension would be to allow time varying moments of returns. This is an open topic for future research.
5.
Portfolio autocorrelations have alternatively been associated with many other factors. For example, Keim and Stambaugh (1986) and Conrad and Kaul (1988) have shown that time varying expected returns can induce portfolio return autocorrelation. Mech (1993) has shown that frictions due to the bid-ask spread can cause return dependence. Sias and Starks (1994) and Brindranath et al (1995) relate changes in institutional holding patterns relate to portfolio return autocorrelation while Boulatov et al (2013) examines how order flow patterns of informed traders influence portfolio serial correlation. Anderson et al (2011) provides a review of the alternative explanations for portfolio return autocorrelation.
ω , , subject to ω 1
and where , is the return on security i at time t, and ω is the weight on security i in the portfolio.
For an equally-weighted portfolio, we obtain on substituting (2) into (1),
which expresses the portfolio return autocorrelation in terms of the autocovariances, crossautocovariances, covariances and variances of the returns of the component securities.
The Lo and MacKinlay (1990) model of nonsynchronous trading
The models of Scholes and Williams (1977) and Lo and MacKinlay (1990) 
where Λ is a zero-mean common factor, with variance σ , is the expected unobserved return to security i, β is the beta of security i with the common factor and ε , are cross-sectionally and temporally independent idiosyncratic shocks. They further assume that the common factor Λ is independently distributed and independent of ε , for all i,t and s.
In each period t, security i is assumed not to trade with a probability . If the security does not trade, its observed return for period t is zero, while its unobservable return is given by equation (4) above. If the security does trade, its observed return is the sum of the unobserved returns for that period and all past consecutive periods for which it did not trade. This structure causes movements in the common factor to be reflected in security prices only when securities trade.
For this model, Lo and MacKinlay (1990, Substituting (5) and (6) into equation (3), expresses the portfolio return autocorrelation function in terms of the non-trading probabilities and the parameters of the unobserved returns in equation (4). For a representative beta and non-trading probability for all securities in the portfolio, Lo and MacKinlay (1990) show that, as the number of securities in the portfolio increases without limit, the first order portfolio return autocorrelation is (asymptotically equal to) p where ∀ .
Intuitively, their proof of this result runs as follows. As the number of securities is increased without limit, so the terms in (5) approach zero, and so (3) is approximately the ratio of the terms in (6). These terms immediately divide through to leave the representative probability. In the case of autocorrelation of higher orders, they show that the portfolio return autocorrelation is equal to the power function , where s is the autocorrelation order (lag).
Implications for finite-sized portfolios
If the number of securities does not increase without limit (but still maintaining a representative security assumption), we show that the portfolio return autocorrelation function is no longer a
5.
The results in (5) and (6), and those derived from here onwards, are not defined for 1, the case of complete non-trading, when, at least intuitively, all covariances and variances will be zero.
power function of non-trading probability. Specifically, in the appendix we derive the following result. 
where
Our Proposition 1 introduces the term θ, which we identify to be the adjustment to the portfolio return autocorrelation that is required for portfolios with a finite number of securities. This term
shows that in the case of portfolios containing a finite number of securities, portfolio return autocorrelation may continue to be influenced by the (representative) beta of the securities, the risk of the common factor, σ , the (representative) mean and variance of the securities, μ, σ , respectively, and the number of securities in the portfolio, , through the adjustment term θ.
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The earlier result of Lo and MacKinlay (1990, Proposition 2.2, equation 2.26 ) that portfolio return autocorrelation is a linear function of non-trading probability in the case of portfolios where the number of securities has increased without limit follows as a special case of our Proposition 1.
In fact, any combination of security-level parameter values and the number of securities that leads to θ 1, will cause equations (7) and (8) to simplify immediately to Corr , . One such possibility is when → ∞ and so θ → 1, which will then confirm the asymptotic result of Lo and MacKinlay (1990) that they obtained through other means.
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The dependence of portfolio return autocorrelation on the number of component securities, as shown in the adjustment term, equation (8), means in developing stock markets where indices 7. In Lo and MacKinlay (1990) , the representative non-trading probability and beta are the asymptotic sample means. For the finite sample case that we have developed, an explicit representative security assumption is needed. While this is an essential base case for examination, various dimensions of this assumption are relaxed later in the paper.
8.
While the focus here is on the first-order autocorrelation coefficient of portfolio returns, as these have been found to be by far the most economically and statistically significant statistics in empirical work, the changes to the other second moments results in Lo and MacKinlay (1990, proposition 2 .1) when n has not increased without limit can be extracted easily from the derivations in the appendix.
may be being constructed from only a very small number of securities that the return autocorrelations in these indices are likely to be heavily dependent on security level means, variances and covariances. The adjustment term provides a route to understand how these security level effects are contributing to index autocorrelation.
Time aggregation
In this section, we examine the properties of the extended version of the Lo and MacKinlay (1990) model that contrasts the autocorrelation of portfolio returns sampled at different intervals.
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For example, the properties of weekly or monthly observed returns can be written in terms of, say, daily non-trading probabilities.7
Denoting as the observed return on a portfolio at time τ, where one unit of τ time is equal to q units of t time, such that (9) Lo and MacKinlay (1990, Proposition 3.2, equation 3.11) show that under their asymptotic assumption, the first order autocorrelation function of the temporally aggregated returns is
Equation (10) shows that the effect of temporal aggregation on (calendar independent) observed portfolio returns is to induce a strict convexity into the relation between autocorrelation and non-trading probability, 1. This can be seen in Figure 1 , and replicates the figure in panel Figure 1 of Lo and MacKinlay (1990, p.196 ). This plot also shows that the degree of convexity increases with the coarseness of the observed return sampling interval.
[ Figure 1] 9. Later studies, such as Boudoukh et al (1994) and Kadlec and Patterson (1999) also adopted this approach.
In the appendix, we derive the companion result for the case where the number of securities in the portfolio has not increased without bound. Specifically, we obtain 
Where θ is as defined in (8).
Our result, equation (11), generalizes the relation in equation (10) for the case where the number of securities in the portfolio has not increased without bound. Equation (11) differs only by the inclusion of θ from the result of Lo and MacKinlay (1990) , shown in equation (10). Thus, the adjustment to the portfolio autocorrelation predicted in the case of portfolios with a finite number of component securities does not depend on the degree of temporal aggregation of the portfolio returns. Only in circumstances where the security-level parameters within θ give rise to θ 1, will our generalized autocorrelation relation be the same as that derived by Lo and MacKinlay and display the convex and increasing pattern seen in Figure 1 . In circumstances where θ 1, the return autocorrelation of portfolios containing a finite number of securities may no longer conform to these patterns.
In the next section, we investigate this issue by estimating the portfolio return autocorrelation coefficients, using equations (8) and (11), for varying mixtures of portfolio size, non-trading probability, and representative security characteristics, using parameters calibrated to market data.
Calibration Analysis
In this section, to demonstrate the economic relevance of our adjustment term for the calculation of the effects of nonsynchronous trading on portfolio return autocorrelation, we undertake a calibration analysis. In this analysis, we show how the autocorrelation estimates generated by the model of Lo and MacKinlay (1990) change when portfolios contain a finite number of securities rather than the number of securities having increased without bound. We re-examine both the original results of Lo and MacKinlay (1990) and the extension of this work by Boudoukh et al (1994) .
Our generalization of the portfolio autocorrelation function contains the adjustment term, θ.
This depends not only upon the representative probability of non-trading, p, but also upon security level parameters and the number of securities in the portfolio. Specifically, θ depends upon β, the (representative) beta of the securities, the risk of the common factor, σ , the (representative) mean and variance of the securities, µ, σ , and n, the number of securities in the portfolio. To examine the differences between our generalized autocorrelation function and the special case considered Lo and MacKinlay (1990) , it is necessary to provide values for each of these parameters. Below we describe how we set the values of these parameters.
From equation (4), the variance of the returns of a representative security, σ , can be decomposed as9
By assuming that the representative idiosyncratic return variance deviation, var ε is proportional to the variance of the common factor, the overall variance of returns, var ε ζσ , equation (12),
where the variance ratio ϕ β ζ σ /σ measures the variance of security relative to the variance of the common factor. If the representative security mean return is set relative to the standard deviation of returns using the reward ratio, ξ μ/σ, then the adjustment term, θ , can be written as follows
Reconfiguring θ in this way removes the variance of the common factor, and means that only the reward ratio, ξ, the variance ratio, ϕ and beta need to be assigned values.
We set the bench-mark value for ξ by reference to historical estimates of annualized means and standard deviations of stock returns, such as those produced by Dimson et al (2001) . These report annualized mean (excess) returns of around 8 percent, standard deviations of around 20 percent, and a reward ratio of around 0.41 for US stocks. Thus, we use ξ 0.41 as the bench-mark value for the reward ratio. We set the bench-mark value for ϕ to maintain consistency with the parameterization of the Lo and MacKinlay (1990) model by Kadlec and Patterson (1999) and also the historical estimates used to parameterize the reward ratio. Kadlec and Patterson (1999) use a value for the variance of the common factor that implies a value in the region of ϕ 4, when beta is set at unity, and so we take this as our base case.
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To maintain consistency with Lo and MacKinlay (1990) , we use hourly non-trading probabilities in our calculations and then express the induced autocorrelations as a function of daily non-trading probabilities. Thus, for weekly observed returns, we aggregate hourly returns having a non-trading probability of, say, 80.4 percent over 30 periods (6 hours per day), rather than aggregating daily returns having a non-trading probability of 27 percent . 804 0.27 over 5 periods (days). We convert all the other parameter values to hourly equivalents also.
Homogeneous non-trading probabilities and betas
To explore the properties of our generalized autocorrelation function, equations (11) and (14), we plot the estimated value of the function for varying non-trading probabilities and portfolio sizes, holding fixed the security level parameters. In Figure 2 , the generalized autocorrelation function is estimated using a beta of one, a variance ratio of ϕ 4 and a reward ratio, ξ 0.41, for portfolio returns of weekly, monthly, quarterly and annual frequencies. At the rear of each of the four graphs are the values of the function in the case where the number of securities has increased without limit, and which (as previously shown by Lo and MacKinlay (1990) ,increases towards unity. Each of these cases, which are for portfolios where the number of securities has increased without bound, support the empirical findings of both Perry (1985) and Atchison et al (1987) that portfolio return autocorrelation is an increasing function of the number of securities.
[ Figure 2] 10. We use a unit beta as our base case to enable direct comparison of our results to those in the homogeneous beta case examined in Boudoukh et al (1994) . Variable security betas are considered in Section 3.2 below that re-examines the heterogeneous portfolios considered by Boudoukh et al (1994) .
By contrast to these cases, the portions of the five graphs for portfolios containing finite numbers of securities, show that the autocorrelation functions are no longer always an increasing function of non-trading probability. Instead, they are a decreasing function after some relatively high non-trading probability. Although difficult to detect visually from Figure 2 , the autocorrelation functions briefly take small negative values at some non-trading probability levels in excess of 99 percent. Moreover, the graphs also show that the non-trading probability level at which the autocorrelation function begins to decrease is itself an increasing function of the number of securities in the portfolio. Table 1 shows some estimated values of the generalized autocorrelation function for portfolio returns recorded at weekly, monthly, quarterly and annual intervals, for portfolios comprising 10, 20, 100 and 500 securities, for daily non-trading probabilities of 27, 60, 80 and 95
percent. The non-trading probability of 27 percent corresponds to the observation by Boudoukh et al (1994) that the average non-trading probability for the smallest decile of US stocks is around 27 percent.
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This observation received subsequent corroboration in the work of Lesmond, Ogden and Trzcinka (1999) , who found that the proportion of zero volume days in the small firm decile for NYSE/AMEX stocks in the CRSP database is 27.81 percent, in the three-year period [1988] [1989] [1990] . In Figure 3 , we update these findings and provide a series of annual measures of the non-trading among small firms in both the NYSE/AMEX and NASDAQ markets. It can be seen that while the proportion of zero volume days has declined since the early Nineties, there have been three occasions when it has risen once again, including in 2008. Across the entire sample, the average percentage of non-trading days is around 23 percent across the two markets, but this hides extensive historic variation that will be important to account for in research that covers these time periods. For example, in 1992, the percentage of zero volume days on NASDAQ small firm stocks was 46 percent. The even higher non-trading probabilities used as example levels in Table 1 not only recognize that for other less developed markets the probabilities of non-trading among small stocks may be even higher, but also help to reveal the properties of the generalized autocorrelation function.
[ Figure 3] 11. Using evidence in Foerster and Keim (1993) and Keim (1989) .
The portfolio return autocorrelation values in Table 1 [ Table 1 ]
In Table 1 , the rows marked → ∞ are the autocorrelations predicted by the model of Lo and MacKinlay (1990) for the case where the number of securities in the portfolio has increased without limit. They do not depend on the security level parameters and so are constant across the row in the table. They are specific examples of points on the curves shown in Figure 1 .
Where the number of securities in the portfolio has not increased without bound, the value of the autocorrelations are no longer independent of the security level parameters or the number of securities in the portfolio. This can be seen clearly in the variation in the autocorrelation coefficients in the other rows of Table 1, which For large portfolios, of 500 companies, the inclusion of security level information leads to no more than a 1 percentage point reduction in portfolio return autocorrelations from the asymptotic value, in the column headed → ∞, for daily non-trading probabilities of 27 and 60 percent. The effects are of similar magnitude at the 80 percent probability level, except for weekly returns where a 2 percentage point reduction is observed, but only when the variance ratio and reward ratios take high values. At the 95 percent probability level, the autocorrelations are reduced less than one percentage point for quarterly or annual returns. For monthly returns, the reduction is limited to around 2 percentage points, and this is only observed for high values of the variance ratio and the reward ratio. For weekly returns, the reductions in autocorrelation coefficients can be greater. For low values of the variance ratio, the impact can amount to a 3 percentage point reduction, while for the high variance ratio, the autocorrelation coefficients can reduce by 12
percentage points (from 85 percent to 73 percent).
For portfolios containing 100 component securities, the effects on portfolio return autocorrelation coefficients of including security level parameters are similar to those observed for portfolios of 500 securities, at non-trading probabilities of 27 percent and 60 percent. At higher levels of non-trading, we observe greater percentage point changes in the portfolio return autocorrelation coefficients than were observed for portfolios of 500 securities. Specifically, for monthly returns, the coefficient can fall by up to 10 percentage points, while for daily returns it can fall by up to 38 percentage points. The changes in the autocorrelation coefficient are larger in the cases where the variance ratio takes on a high value, meaning that the security level parameters matter most when they take relatively large values. For the case of quarterly and annual returns, where it can be seen that the autocorrelations in any case take very low values except in circumstances of extreme thin trading, the effects of the number of securities in the portfolio are more modest, with differences of less than 2 percentage points obtained.
For the portfolios containing 20 securities, which might be regarded as well-diversified from the point of view of the influence of idiosyncratic variance, the generalized portfolio return autocorrelation coefficients are much more noticeably different from the asymptotic values, even when the non-trading probability is 27 percent. Specifically, weekly autocorrelation coefficients will see a reduction from the asymptotic level of 8.9 percent to 5.7 percent, when the variance ratio is high. At the 60 percent non-trading level, the weekly coefficients can reduce to around one half of their asymptotic levels, a drop of around 12 percentage points. At the 80 percent probability For portfolios of just 10 securities, we would expect security idiosyncratic elements to even more dramatically influence portfolio return autocorrelation. 12 The autocorrelation coefficients in this case are affected in a similar way to those observed for portfolios of 20 securities, but the effects are much more pronounced. For annual returns, the value of the portfolio return autocorrelation coefficients can be halved by including security level parameters, although as these coefficients take relatively small values to begin with, the percentage point reductions are small.
For quarterly returns, the effects are similar, except when non-trading probabilities are at 95 percent, when the autocorrelation coefficient can reduce from the asymptotic value of 19 percent to 7 percent. For monthly returns, it is again when non-trading probabilities are extreme that most impact is seen. At the 95 percent non-trading probability, the autocorrelation coefficient can reduce from 50 percent to 13 percent. In the case of weekly returns, even for relatively small return variances and reward ratios, the reduction in the autocorrelation coefficient can be 55 percentage points in the 95 percent non-trading probability case, and 6 percentage points at non-trading probabilities of 60 percent. But, when the reward ratio and the variance ratio take on high values, the autocorrelation coefficients, at a non-trading probability level of 27 percent can reduce to one half of their asymptotic value. When non-trading probabilities are as high as 95 percent, weekly portfolio return autocorrelations can reduce from 84 percent to 8 percent. Even when the reward ratio and the variance ratio take low values, the reduction would be from 84 percent to 30 percent in this case.
12. The number of securities required to diversify a portfolio is usually estimated to be about 15, see for example, Statman (1987) .
We consider next whether these potential downward adjustment to the asymptotic autocorrelation coefficients, which are found in portfolios containing a finite number of securities, are magnified or mollified when the securities in the portfolio have diverse non-trading, variance ratios and reward ratios. Boudoukh et al (1994) demonstrated the importance of considering the influence on non-trading induced portfolio autocorrelation of heterogeneity among the component securities in the portfolio. 13 They found that the asymptotic weekly portfolio return autocorrelation arising under homogeneity of both beta and non-trading probability of 8.90 percent, the top row in Table 1, increases to 17.82 percent when the beta and non-trading probabilities are both at their most heterogeneous. In Table 1 , we have shown that consideration of security level parameters that have not been diversified away in a portfolio containing a fixed number of securities, can reduce the autocorrelation coefficients. In this section, we consider whether these reductions are maintained in portfolios containing more heterogeneous securities. Specifically, we will explore whether the differences between the autocorrelation coefficients in portfolios of unlimited size and those of a finite size are increased or decreased once the homogeneity restriction is relaxed, and how sensitive this difference is to the level of heterogeneity.
Heterogeneous non-trading probabilities and betas
To be able to directly compare our results with those of Boudoukh et al (1994) , we start with the same four different distributions of non-trading and three distributions of security beta examined in their study. These distributions are imposed across six sub-portfolios, which comprise fractions 5, 20, 25, 25, 20 and 5 percent of stocks in the overall portfolio. Our smallest portfolio, therefore contains 20 securities, such that 1 security represents 5 percent of the portfolio. The nontrading distributions used by Boudoukh et al (1994) were chosen to reflect the characteristics of security trading uncovered by Foerster and Keim (1993) . The first distribution is homogeneous, with daily non-trading probabilities of (27,27,27,27,27,27) percent. Figure 2 . p.559) actually conjectured that extreme heterogeneity in non-trading probability could generate decreasing portfolio return autocorrelation. In the previous section, we have shown that decreasing portfolio autocorrelation can also arise with homogeneous non-trading probabilities. 13.Our own calculations of the non-trading probabilities among the stocks in the small firm deciles for both NYSE/AMEX and NASDAQ markets indicate that the non-trading probability has since declined to an average of 23 percent. This can be seen in Figure 3 .
example, this would mean that 5 percent of the portfolio has stocks that always trade, 20 percent of the stocks has an 11 percent probability of non-trading, 25 percent of the stocks has a 21 percent probability of non-trading, a further 25 percent of the stocks has a 32 percent probability of nontrading, a further 20 percent of the stocks has a 44 percent probability of non-trading, while the final 5 percent of stocks has a 55 percent probability of non-trading. The average non-trading probability in each of the four non-trading distributions is 27 percent, but the more heterogeneous the distribution, the higher the variance of non-trading probabilities. The three beta distributions are (1,1,1,1,1,1), (0.8,0.9,1.0,1.0,1.1,1.2), and (0.8,1.2,1.6,2.0,2.4,2.8), and apply across the subportfolios in a similar fashion to the variable non-trading probabilities. The first two distributions of beta have the same mean, while the most heterogeneous distribution has both a higher mean (1.8) and a higher variance. The beta distributions are also those used by Boudoukh et al (1994) .
To examine the difference between the asymptotic autocorrelation levels and those obtained using the finite sample formula, we recalculate the weekly autocorrelations using equations (11) and (14). We use the same security level parameters as examined in the case of homogeneity, in Table 1 , and consider portfolios containing 20, 100 and 500 securities. As both β and ζ, the ratio of idiosyncratic variance, var ε , to the common factor variance, σ , have similar multiplicative effects on the total variance of a security, equation (13), we hold ζ constant at the central scenario value of ζ 3 used in Table 1 that, for a unit beta, implies a variance ratio of ϕ 4 and an annualized security return standard deviation of around 20 percent. Hence, in the presence of heterogeneous betas, the variance ratio, ϕ , now takes the value ϕ β 3, where the beta values are from the distributions introduced previously. 15 As the securities in the portfolio are now permitted to have different betas, so the variance ratios of the securities will also be heterogeneous.
For any given security return variance, we use the same three scenarios for the reward ratio of mean to standard deviation, (0.19, 0.41, 0.65), as in homogeneous beta case. For a given scenario, all securities in the portfolio will have the same reward ratio, but as the variances are heterogeneous, then so also will be the security mean returns. Therefore, beta heterogeneity induces heterogeneity in the variances and means of the component securities of the portfolio, but does so in a manner in which the influence of beta heterogeneity can be isolated.
The autocorrelation coefficients, for heterogeneous betas and non-trading probabilities, are shown in panel (a) of Table 2 . As observed by Boudoukh et al (1994) , heterogeneity in both beta and non-trading probability acts to increase the measured autocorrelations. Our results, which extend these findings to portfolios of different finite numbers of component securities display some more subtle characteristics. For any given distribution of non-trading probabilities among the component securities in the portfolio, the proportional increase in portfolio return autocorrelation observed as the betas of the securities also become more heterogeneous is larger for portfolios containing smaller numbers of securities. By contrast, for any given distribution of betas among the component securities of the portfolio, the proportional increase in portfolio return autocorrelation observed as non-trading becomes more heterogeneous within the portfolio is roughly equivalent for large and small portfolios. This suggests that the increases in portfolio return autocorrelation are being influenced more by the heterogeneity in security beta than by the heterogeneity in the security non-trading probabilities. It can also be seen that, for any given distribution of heterogeneous betas and non-trading probability, increases in the reward ratio of the component securities now cause barely detectable falls in the autocorrelation coefficients.
[ Table 2 ]
We can alternatively view the same results in Table 2 , panel (a) in terms of the influence of the number of securities in a portfolio, given the level of heterogeneity of beta and non-trading probability among the component securities. For any given combination of non-trading probability and beta heterogeneity, the portfolio return autocorrelation coefficient reduces as the portfolio contains a smaller number of component securities. The difference between the influence of nontrading probability heterogeneity and beta heterogeneity also reappears when the results are viewed in these terms. For a given distribution of security betas, the reduction in portfolio autocorrelation coefficient between large and small portfolios is of proportionately equivalent magnitude regardless of the heterogeneity of non-trading. For example, for the beta distribution (0.8,0.9,1.0,1.0,1.1,1.2), the autocorrelation coefficient for a portfolio of 20 securities is around 80 percent of the value of the autocorrelation coefficient for an asymptotically large portfolio, whether the distribution of non-trading probabilities is (27,27,27,27,27,27) or (0,0,0,43,60,85) . In the former case, the autocorrelation coefficient reduces from 0.089 to 0.073, while in the latter case, it reduces from 0.1508 to 0.1193. By contrast, for any given distribution of non-trading probabilities, the magnitude of the fall in the value of the autocorrelation coefficient as the heterogeneity of beta increases, appears to decrease. However, it only does so when both the mean and the variance of the distribution of betas increase. Thus, the 20 percent reductions in the autocorrelation coefficients between the asymptotically large portfolio and the portfolio of 20 securities, seen in the case of the beta distributions of (1,1,1,1,1,1) and (0.8,0.9,1.0,1.0,1.1,1.2), decreases to an 12 percent reduction in the case of the (0.8,1.2,1.6,2.0,2.4,2.8) beta distribution. For example, for the distribution of non-trading probabilities (0, 0, 0, 43, 60, 85) , the autocorrelation coefficient reduces from 0.1397 to 0.1114 in the case of the (1,1,1,1,1,1) beta distribution, from 0.1508 to 0.1193 in the case of the (0.8,0.9,1.0,1.0,1.1,1.2) beta distribution, but from 0.1782 to only 0.1562 in the case of the (0.8,1.2,1.6,2.0,2.4,2.8) beta distribution. So, as was observed when isolating the impacts of heterogeneity, for a given number of securities in a portfolio, heterogeneity in beta seems to exert more influence on portfolio autocorrelations than does heterogeneity in nonsynchronous trading probability. However, it does so in particular when the average beta increases.
Taking the combined impacts of heterogeneity in betas and non-trading probabilities and reduction in portfolio size together, it can be seen that the impact on portfolio return autocorrelation of heterogeneity is considerably larger than (close to double) the impact of reducing the number of securities in a portfolio. Thus, estimating the influence of non-synchronous trading on portfolio return autocorrelation using an asymptotic approximation, which effectively assumes homogeneous betas and non-trading probabilities, would actually become more accurate an approximation for a portfolio of finite size, the more heterogeneous are the component securities.
To determine whether these results are sensitive to the average level of non-trading, we repeat the analysis of panel (a) in Table 2 , using non-trading probabilities centred on 60 percent, one of the higher average non-trading levels considered in Table 1 . Again each distribution of nontrading probabilities has the same mean, but greater heterogeneity within a distribution results in a higher variance for that distribution. The results of the analysis for the cases of 60 percent average non-trading probabilities are contained in panel (b) of Table 2 . 16 As with the lower average nontrading probabilities, heterogeneity in either or both non-trading probability and beta serves to increase the portfolio return correlation, and, for any given distribution of non-trading probabilities among the component securities in the portfolio, the proportional increase in portfolio return 16. Given the ranges of the heterogeneous non-trading probability distributions centred on a 27 percent probability, it is not possible to match the variances of these distributions when the mean is shifted to 60 percent, without affecting the shape of the distribution. Hence, although the variances increase, as the distributions centred on 60 percent increase in the heterogeneity of the non-trading probabilities of the component securities, the variances are each smaller than in the counterpart distribution centred on 27 percent. 
Conclusion
In this study, we have examined the relationship between portfolio return autocorrelation and the number of securities in the portfolio, using hitherto concealed properties of the leading model of nonsynchronous trading, Lo and MacKinlay (1990) . A key result of the original study is that there is a positive and strictly convex relation between stock trading infrequency and portfolio autocorrelation for portfolios where the number of securities has increased without limit. In this study, we demonstrate that for portfolios with a large, but finite, number of securities, a more complex relation exists between portfolio size and non-trading frequency that permits both zero and possibly large negative autocorrelation coefficients. Specifically, we identify an adjustment factor to the autocorrelations predicted by the Lo and MacKinlay (1990) model, which depends upon the means, variances and covariances of the component securities in the portfolio, and that is independent of the return measurement interval.
We show that at levels of nonsynchronous trading observed in well-developed markets, our adjustment factor implies that the return autocorrelations predicted by the Lo and MacKinlay (1990) model can be substantially lower than has been suggested previously, particularly at very short return intervals. However, we also show that while the likelihood of these lower predicted values increases with the probability of non-trading, it decreases with increased heterogeneity of the securities. This means that the subsequent predictions by Boudoukh et al (1994) are much less affected by the use of finite sized portfolios, at least for relatively modest levels of nonsynchronous trading. Our results for heterogeneous portfolios also reveal a rich structure of relationships between the number of securities in a portfolio, and the distributions of nonsynchronous trading probabilities and betas among those component securities. We find that the interaction of nonsynchronous trading probabilities and the number of component securities in a portfolio is relatively benign, except at relatively high probability levels, whereas the influence of beta heterogeneity can act to offset the reduction in autocorrelation coefficient arising from using finite sized portfolios. Overall, heterogeneity among the component securities tends to increase autocorrelation coefficients by more than the use of finite sized portfolios reduces them, except at very high level of security nonsynchronous trading, suggesting that making allowances for the heterogeneity of securities in the application of the Lo and MacKinlay (1990) model is essential to ensure it is most robust to applications involving portfolios of finite size.
For markets characterized by high levels of thin trading, our results have two further implications. First, models that adjust risk measures for portfolio autocorrelation by reference to the extent of thin trading may have the potential to over-correct the measures if the predicted autocorrelation is actually quite low. Conversely, one could fail to adjust for extreme levels of thin trading if one only examines the portfolio returns autocorrelation coefficients, since these can feasibly take low values when thin trading is extensive in the data. Second, the observation of both high and homogeneous levels of infrequent trading and high levels of portfolio return autocorrelation must mean that factors, other than nonsynchronous trading, are generating the observed autocorrelations. What these might be is beyond the scope of this study, but if trading is nonetheless highly infrequent, and in the absence of any structural weaknesses in a market, it may be very difficult to identify such economic or behavioural factors.
Appendix

Proof of Proposition 1
where ω , , subject to ω 1 (A1. 2) and where , is the return on security i at time t, and ω is the weight on security i in the portfolio.
For an equally-weighted portfolio, we obtain on substituting (A1.2) into (A1.1),
Each of the components of the right hand side of (A1.3) can be expressed in terms of the following properties of the Lo and MacKinlay (1990) where β is the loading for security i on a zero-mean common factor, which has variance σ , μ and σ are the expected return and variance of security i and is the non-trading probability for security i. Substituting (A1.4) and (A1.5) into (A1. Defining (as equation (8) in the text)
gives equation (7) in the text, Corr , 1 θ 1 2 (A1.14)
Proof of Proposition 2
For portfolio returns aggregated over q periods, where the aggregated periods are indexed by, τ so that one unit of τ time is equal to q units of t time, the first order autocorrelation coefficient is given by which expresses the time-aggregated portfolio return autocorrelation in terms of the timeaggregated autocovariances, cross-autocovariances, covariances and variances of the returns of the component securities.
Each of the components of the right hand side of (A2.3) can be expressed in terms of the following properties of the Lo and MacKinlay (1990) model, 17 that is, where β is the loading for security i on a zero-mean common factor, which has variance σ , μ and σ are the expected return and variance of security i and is the non-trading probability for security i. which is equation (11) in the text. (11) and (14). The portfolios are comprised of n securities having a common non-trading probability, p, a common reward ratio, ξ, a common ratio of representative security return variance to common factor variance, ϕ, and unit beta. Table 1 cont.
This table contains the autocorrelation coefficients for temporally aggregated portfolio returns, estimated using equations (11) and (14). The portfolios are comprised of n securities having a common non-trading probability, p, a common reward ratio, ξ, a common ratio of representative security return variance to common factor variance, ϕ, and unit beta. 
